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Abstract 

We study Frobenius 1-morphisms t in an additive bicategory C satisfying the depth 2 condition. 
We show that the 2-endomorphism rings C ! (ixt,ix t) and C 2 (l x t, I x t) can be equipped with 
dual Hopf algebroid structures. We prove also that a Hopf algebroid appears as the solution of the 
above abstract symmetry problem if and only if it possesses a two sided non-degenerate integral. 



1 Introduction 

In the classification of extensions of von Neumann algebras 'quantum groups' and 'quantum groupoids' 
play important role. 

The starting point was the result of Effi fl -j proving that an irreducible finite index depth 2 (or D2 for 
short) extension of von Neumann factors can be realized as a crossed product with a finite dimensional 
C*-Hopf algebra - that is the symmetry of the extension is described by a finite dimensional C* -Hopf 
algebra. About related results see also (2fJ El EH E3 ■ The D2 property means that the derived tower 
of relative commutants TV' n M C N' n M 1 C N' n M 2 C . . . of the Jones tower N C M C M 1 C M 2 . . . 
is also a Jones tower [To| . 

Allowing for reducible finite index D2 extensions of II\ von Neumann factors in an d of von 
Neumann algebras with finite centers in |^ the symmetry of the extension was shown to be described 
by a finite dimensional C* -weak Hopf algebra introduced in [31 1 171 13]. A Galois correspondence has been 
established in ^H] in the case of finite index finite depth extensions of II\ factors. The infinite index 
D2 case has been treated in jH] for arbitrary von Neumann algebras endowed with a regular operator 
valued weight. 
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In pi] the analysis was extended to extensions of rings N — > M. The D2 condition has been 
generalized as 

i) the N-M bimodule nMn ® nMm is a direct summand in a finite direct sum of copies of at Mm, 

ii) the M-N bimodule m-Mv ® nMn is a direct summand in a finite direct sum of copies of mM^. 
A D2 extension of von Neumann algebras is D2 in this sense. 

The symmetry of a D2 ring extension N — > M was shown in [ITJ to be described by a finite bialgebroid. 
That is the step 2 centralizer rings A: = EndjvMAr - the endomorphism ring of the bimodule nMn - 
and B: = (M ® M) N - the center the bimodule N M N f N M N with multiplication (61 ® b 2 )(b' 1 ® 6' 2 ): = 
fr'i&i <8> &2^2 ~~ carry dual bialgebroid structures over the basis Cjy(M) - the centralizer of AT in M. The 
bialgebroid A has a natural left action on M. Under the additional assumption that the module Mn is 
balanced, the ^4-invariant subalgebra of M was shown to be N. Also B acts naturally on EndArM with 
the invariant subalgebra isomorphic to M. 

The bialgebroid - or Takeuchi x l- bialgebra - is a generalization of the bialgebra in the sense that 
instead of being an L-algebra it is a bimodule over a non- commutative base ring L. The bialgebroid 
definitions [281 1131 [2l?ll21H25j were shown to be equivalent in pj. The bialgebroid A over the base L is 
finite if the i-module structures on A are finitely generated projective. By the results in pi] in this case 
the L-duals of A also carry bialgebroid structures. We summarize the basic definitions of the theory of 
bialgebroids in Section |2j 

In the Section 3 of [5] the D2 ring extension N — > M was supposed to be also Frobenius . This 
means the existence of a Frobenius map $ : nMn — * N possessing a quasi-basis Xj,yj £ M satisfying 
J2j yj^( x j m ) = m = J2j ^{ m Vj) x 3 f° r a ll m £ M. Under this assumption the above rings A and 
B carry more structure then just being bialgebroids. Namely, fixing a Frobenius map M — > N the 
bialgebroids A and B can be equipped with antipodes, making them dual Hopf algebroids. 

It is important to emphasize that we use the term Hopf algebroid in the sense of [2 J and not in the 
sense of (EJ. Though - roughly speaking - both definitions can be summarized as a 'bialgebroid with 
antipode', the two definitions are not equivalent - as it is illustrated by an example in PJ. In [2] we give 
some equivalent definitions of the Hopf algebroid. These are all common in the feature that the axioms 
are formulated without reference to a particular section of the canonical projection A § A — ► A f A, 
which has played important role in the definition of JBj- The most appropriate form of the definition 
for the purposes of this paper involves two, left and right bialgebroid structures on the same ring that 
are connected by the antipode. In Section we cite the definition and some properties of the Hopf 
algebroid from 

A further step of generalization of the 'symmetry reconstruction problem' was done in (2£| where 
the symmetry of abstract D2 extensions was studied. A 1-morphism 1 in an additive bicategory C is 
an abstract extension if it possesses a left dual I. In the original paper [52] the D2 property of 1 was 
introduced as 

i) the 1-morphism (4 x t) x 1 is a direct summand in a finite direct sum of copies of 4. 

In later publications (see f° r example) this property has been renamed as left D2 property. The 
condition that 

ii) the 1-morphism (4x4) x 4 is a direct summand in a finite direct sum of copies of 4 

was called right D2 property. The 1-morphism 4 is D2 in this later sense if both the left and right D2 
conditions hold true. In this paper we use this latter terminology. 

The name 'abstract extension' is motivated by the basic example: Observe that for a ring extension 
N — > M the bimodule nMm is a 1-morphism in the bicategory of bimodules possessing a left dual 
mMn- If the extension N — > M is also D2 then the corresponding 1-morphism nMm satisfies the D2 
condition. Hence a D2 ring extension determines a D2 1-morphism in an additive bicategory - called 
an abstract D2 extension. 

Motivated by this example in (2^] the 1-morphism 4 in C possessing a left dual 4 is assumed to satisfy 
the left D2 condition. Then (denoting the horizontal composition in C by x) the ring A: — C 2 (l x 4, l x 4) 
of 2-endomorphisms is shown to carry a left bialgebroid structure. (The right D2 property of 4 implies 
the existence of a right bialgebroid structure on B:= C 2 (t x 4, 4 x 4).) The case when the finite index 
property and irreducibility of 4 is required and C is semisimple and fc-linear - leading to semisimple and 
cosemisimple Hopf algebra symmetry - is spelled out in detail in ^4] . 

In this paper we generalize the analysis of the Section 3 of [2] to abstract extensions. That is we 
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suppose that L is a D2 Frobenius 1-morphism in an additive bicategory C with two sided dual I. Under 
this assumption we show that the rings A = C 2 (l x I, i x t) and B — C 2 (l x i, I x t) carry dual Hopf 
algebroid structures with non-degenerate two sided integrals in the sense of [2]. We also prove that a 
Hopf algebroid appears as a solution of this abstract symmetry problem if and only if it possesses a two 
sided non-degenerate integral. 

It is discussed in [21 Q] that - in contrast to (weak) Hopf algebras - the Hopf algebroid structure on 
a given left bialgebroid is not unique. The choice of the antipode maps in Subsection 13. II is a canonical 
construction fitting to the Frobenius structure of b. However, this canonical construction is responsible 
for the existence of the two sided non-degenerate integral. 

This result raises the question how typical it is that we can find two sided non-degenerate integrals in 
Hopf algebroids. As a partial answer, it is proven in Proposition 5.13 in j2| that for any Hopf algebroid 
A possessing a non-degenerate left integral i there exists another Hopf algebroid which is isomorphic to 
A as a left bialgebroid and in which £ is a two sided non-degenerate integral. In particular, it follows by 
combining the Proposition 5.13 in [2] with the Theorem 4.2 in [Q that for any finite dimensional (weak) 
Hopf algebra there exists a twisted antipode jH] leading to a Hopf algebroid with two sided non-degenerate 
integral. It is not known, however, whether any finite Hopf algebroid possesses a non-degenerate left 
integral, i.e. no generalization of the Larson-Sweedler theorem on bialgebroids is known. 

The paper is organized as follows: In the Section we shortly review some results from |24l l25l ITT] 
on bialgebroids and from [2] on Hopf algebroids that we are going to use later on. 

In the Subsection l3.1l we analyse the structures of the rings A = C 2 (l x I , t x I) and B = C 2 (lx t,ix i) 
if only the Frobenius property of the 1-morphism l in the additive bicategory C is assumed. Analogously 
to Section 3 of [|2f already in this general situation - i.e. without assuming the D2 property - one can 
do 'Fourier analysis'. That is convolution products can be introduced both on A and B together with 
'Fourier transformations' A B relating the original and the convolution products. At this level of 
generality one can introduce the maps that are going to be the antipodes in the D2 case. 

In the Subsection 13.21 we impose also the D2 condition on the 1-morphism t. Applying the results 
of [25] this implies the bialgebroid structures on A and B. We prove that these bialgebroid structures 
together with the antipodes of Subsection 13.11 amount to dual Hopf algebroids in the sense of |2| both 
of them possessing two sided non-degenerate integrals. 

In the Subsection 13 . 31 we address the question what Hopf algebroids appear as symmetries of absratct 
D2 Frobenius extensions. Being given a Hopf algebroid A possessing a two sided non-degenerate integral, 
we construct a D2 Frobenius 1-morphism X in the additive bicategory of internal bimodules in its module 
category. We show that the symmetry of X is described by A. Combining this result with the one in 
Subsection 13.21 we conclude that the existence of a two sided non-degenerate integral j2] in the Hopf 
algebroid is a sufficient and necessary condition for it to appear as the symmetry of an abstract D2 
Frobenius extension. 

In the Appendix we sketch briefly the construction of the bicategory of internal bimodules in a 
monoidal category - used as a tool in Subsection 13.31 

All rings appearing in the paper are associative and unital. The category of left/right/bi- modules 
over the ring R is denoted by rM / 'Mr/ 1 rMr. 

2 Preliminaries: Bialgebroid and Hopf algebroid 

In this section we summarize our notations and the basic definitions of bialgebroids and Hopf algebroids 
that will be used later on. For more about bialgebroids we refer to the literature |28ll22l l5l lllU23ll2"51l2fij 
and about Hopf algebroids to [21 d- 

The bialgebroid ^HJESlEll or Takeuchi x ^-bialgebra [2Hj is a generalization of the bialgebra to the 
case of a non-commutative base ring ring L: 

Definition 2.1 A left bialgebroid Al consists of the data (A, L, sl^l^l^l)- The A and L are 
associative unital rings, the total and base rings, respectively. The sl ■ L — > A and iz, '■ L op — > A 
are ring homomorphisms such that the images of L under the source map sl and target map t^ in A 
commute making A an L-L bimodule: 

l-a-l':=s L (l)t L (l')a. (2.1) 
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The bimodule 112. If) is denoted by lAl. The triple (lAl,Jl> "i) is a comonoid in lM-l- Introducing 
the Sweedler's notation 7i(o) = am ® a^ 2 ) the identities 

a(i)tL(l) ® a.(2) = a(i) <8 0(2) Si (i) (2.2) 

7L (U) = U®U (2.3) 

idab) = 7i(a)7i(&) (2.4) 

7Ti(U) = li (2.5) 

7r L (as L o 7Ti(6)) = 7r L (ab) = ir L (at L o 7r L (b)) (2.6) 

are required for all I € L and a, 6 € A The requirement 12.411 makes sense in view of i!2.2fl . 

If Al = {A, L,SL,tL, JljKl) is a left bialgebroid then so is the co-opposite Al cop = (A, L op , tz,SL, l° L p , 
ttl) where 7^ p denotes the opposite coproduct a i— > a( 2 )®a(i) . The opposite A° L P = {A op . L,tL, Si, 7i, 7Ti) 
is a right bialgebroid in the sense of jllj : 

Definition 2.2 A n'g/ii bialgebroid Ar consists of the data (A, R, sr, tR, 7^, ttr). The A and i? are 
associative unital rings, the total and base rings, respectively. The s R : R — > A and tR : R op — > A 
are ring homomorphisms such that the images of i? under the source map and target map t# in A 
commute making A an R-R bimodule: 

r-a-r': = as R (r')t R (r). (2.7) 

The bimodule l|2.7fl is denoted by R A R . The triple ( r A r ,jr,ttr) is a comonoid in rA4r. Introducing 
the Sweedler's notation 7i?(a) = a^- 1 ' <g> 6 A fl ® K .A the identities 

SR(r)a ( ^®aW = a W ® ^(r)a< 2 ) 
7r(1a) = 1a® 1a 
7ii(a6) = 7_R,(a)7fl( & ) 

7Tfl(lA) = Ifl 

7Tr (s R o TT R (a)b) = ttr (ab) = tt r (t R o TT R (a)b) 
are required for all r £ R and a, b G A. 

The L- actions of the bimodule lAl are given by left multiplication and the R- actions of the bimodule 
R A R are given by right multiplication. We can define further bimodules: 

L A L : l-a-l': = at L (l)s L {l') (2.8) 

rAr: r-a-r':=s R (r)t R (r')a. (2.9) 

In the case of left/right bialgebroids the category (a-M, L, 1, r, a) /(Ma, R, 1, r, a) of left/right A- 
modules has the monoidal structure inherited from the bimodule category l-Ml/ rMr. For left/right 
A modules M and N the A- module structure onM®i N/M ® R N is given by o • (m ® n): = am ■ m ® 
a (2) ■ n/(m®n) - a: — m ■ a.W ® n • a^ 2 ^ - for a <E A, m <E M and n <E N. The monoidal unit is the left 
A-module onl: a ■ l:= ttl(cisl(1))/ the right A-module on i?: r ■ a: — w R (s R (r)a) - for a E A, I e L 
and r e R. The forgetful functor $l : aA4 — > lMl/^a : AIa — > hA^h is strong monoidal pfSI. 

The homomorphisms of bialgebroids we use in this paper are the bialgebroid maps of 26J: 

Definition 2.3 A left bialgebroid homomorphism Al — > is a pair of ring homomorphisms ($ : A — > 
A', : L — > L') such that 

O = <f>OS L 

4 o = $ot L 

7T^ O $ = O 7TL 
7^0$ = (f ® $) O 7 L . 
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The last condition makes sense since by the first two conditions $ (g> $ is a well denned map A L ® jji — > 
A// <8> z/ A. The pair ($, 0) is an isomorphism of left bialgebroids if it is a left bialgebroid homomorphism 
such that both <& and <f> are bijective. 

A right bialgebroid homomorphism (isomorphism) Ar — > A' R is a left bialgebroid homomorphism 
(isomorphism) {A R ) op -v (Ay op . 

Let Az, be a left bialgebroid. The equation 112. l|l describes two L-modules Al and lA. Their L-duals 
are the additive groups of L-module maps: 

A*:= {&* : A L -> L L } and *A: = : lA -> L L} 

where lL stands for the left regular and Ll for the right regular L-module. Both A* and *A carry 
left A module structures via the transpose of the right regular action of A. For 0* G A*,*</> G *A and 
a, b G A we have: 

(a — 0*) (6) = <j>*{ba) and (a —r*4>) (b) =*<f>(ba). 

Similarly, in the case of a right bialgebroid Ar - denoting the left and right regular i?-modules by R R 
and R , respectively, - the two i?-dual additive groups 

A* :={</>*: A R -» and A: = : *A -» 

carry right A-module structures: 

(0* a) (6) = 0*(a6) and (*0 r- a) (b) =*4>(ab). 

The comonoid structures can be transposed to give monoid (i.e. ring) structures to the duals. In the 
case of a left bialgebroid Al 

(</>*?/>*) (a) — tp* {sl ° ^*(o(i))o(2)) and ( a ) = *V> (*£ °*0(o(2))o(i)) ( 2 -10) 

for ^, *V G *A, <t>*,^* G ,4* and a G A. 

Similarly, in the case of a right bialgebroid Ar 

((pip*) (a) = <jf (a {2 h R o ^*(o< 1 >)) and (*0*VO (a) =*<£ (a (1) s fl o V(a (2) )) (2.11) 

for (ff, ip* G A*, *0, *V> G A and a G A. 

In the case of a left bialgebroid Al also the ring A has right A*- and right *A- module sructures: 

a <f>» = sl o 0*(a(i))ffl(2) an d o t— *^ = ti, °*</>(o(2))o(i) 

for (4, £ A, ^ £ *A and a G A. 

Similarly, in the case of a right bialgebroid Ar the ring A has left A*- and left A structures: 

f-o = a(\o^( a W) and *0 a = a^s R o*</>(a (2) ) 

for (ff G A*, *0 G *A and a G A. 

As it was proven in ^j, if the L (R) module structure on A is finitely generated projective then the 
corresponding dual has also a bialgebroid structure. 

The total ring of a Hopf algebroid carries eight canonical module structures over the base ring - 
modules of the kind J2.H , II2.7J1 , l|2.8ll and <2.9ll . In this situation the standard notation for the tensor 
product of modules, e.g. A f A, would be ambigous. For this reason we put marks on both modules as 
in A R ® R A, for example, to indicate the module structures taking part in the tensor products. 

For coproduts of left bialgebroids we use the Sweedler notation in the form 71, (a) = a(i) ® ap) and 
of right bialgebroids 7fl(a) = a' 1 ) ® cS 2 \ 

The Hopf algebroid introduced in [2 J has both left and right bialgebroid structures and an antipode 
relating the two 1 : 

1 Actually the original definition in |2] was formulated in terms of the pair {Al-, S) consisting of a left bialgebroid and an 
antipode. It was proven that there exists a right bialgebroid Ar together with which the triple A = {Al, Ar, S) satisfies 
the Definition 12. 4l helow. The right bialgebroid Ar is unique up to an irrelevant isomorphism. 
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Definition 2.4 The triple A = (Al,A r ,S) is a Hopf algebroid if Al = (A, L, sl^l^l^l) is a left 
bialgebroid and A R — (A, R, s R , t R , j R , ir R ) is a right bialgebroid such that the base rings are related to 
each other via R ~ L op and 

i) s L (L) = t R (R) t L (L) = s R {R) (2.12) 

as subrings of A, 

ii) (7l <8> id A ) ° 7fl = ( ic U » 7fl) ° 7l 

(7 fl ®id j4 )o7L = (idA ® 7i) °7fi (2-13) 

as maps A -> A L ® jA^ <g> and ^4 -> A R ® r Al <g> /A, respectively. 
The map 5 : A — » A is a bijection of additive groups such that 

Hi) S(t L (l)at L (l')) = SL (l')S(a)s L (l) S(t R (r')at R (r)) = s R (r)S(a)s R (r') (2.14) 

for all 1,1' £ L, r,r' £ R and a £ A. The requirement <2.14ll makes the expressions S(a^)a^ 2 ) an d 
a^S(a^) meaningful. The axioms 

iv) S r (o(i))a(2) =Sflo 7T_R,(a) a^ 1 ^S'(a (2) ) = sl ° 7rL(a) (2-15) 

are required for all a in A. 

We emphasize that this notion of Hopf algebroid is different from the one introduced in ^3] . 

Definition 2.5 A Hopf algebroid homomorphism (Al, A R , S) — > (.A^, A^j, S") is a left bialgebroid 
homomorphism ($,0) : Al — * A^. 

Since it is proven in f| Proposition 4.3 that both (S, ir R a sl) and (5" 1 , 7Tr o tz,) are left bialgebroid 
isomorphisms Al — ► (*4,r)°£ p , for a Hopf algebroid homomorphism ($,0) : (At, A R , S) — > (A^, Aj,5') 
both (S" o $ o S* _1 , 7r^, o s' L o o -k l o t R ) and (5" _1 o $ o 5, 7r^ , o t' L o o 7Tl o s^) are right bialgebroid 
homomorphisms : Ar - ► A' R . 

A -ffop/ algebroid isomorphism is a Hopf algebroid homomorphism (<I>, (p) such that both maps $ and 
are bijective. 

A Hopf algebroid homomorphism ($, 0) : (Ax,, A R , S) -> (A^, A fl , S") is sirici if $ o 5 = 5" o 

The existence of non-strict isomorphisms of Hopf algebroids is a new feature compared to (weak) Hopf 
algebras. 

In the rest of this subsection let A — (Al,Ar,S) be a Hopf algebroid where Al = (A, L, SL,tL,jL,^L) 
is the left bialgebroid and Ar = (A R, s R , t R , j R , ttr) is the right bialgebroid underlying A. The left 
and right integrals in a Hopf algebroid are introduced as the invariants of the left and right regular 
modules, respectively: 

Definition 2.6 The left integrals are the elements of the right ideal: 

I L (A):= {£ £ A\ai = s L o7r L (a)£ Va £ A}. 

The right integrals are the elements of the left ideal: 

X R (A): = {T £ A\Ta = Ts R o ir R (a) Va £ A}. 

The following lemma is cited from j2] Lemma 5.2 and it will be of importance in the considerations of 
this paper: 

Lemma 2.7 The following characterizations of right/left integrals are equivalent: 



i 

a 
in 

iv 
v 



Tel R (A) I £el L {A) 

Ta = Tt R o n R (a) / a£ — ti, o ttl{o)£ for all a £ A 

S(T)el L (A) I S(£)eI R (A) 

S- 1 (T)el L (A) I S- 1 (£)el R {A) 

T ( i)0®T(2) = T (1) (8T ( 2)S(o)) / £ {1) (8 atf® = S(a)£^ ® £^ 

as elements of Al ® lA as elements of A R ® R A for all a £ A. 
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The left integral £ was called non- degenerate in j2] if the maps 



£ R : A* -> A 0* i ► (f) ^ £ and 
r£ :*A —> A *<j> t-> *0 £ 

are bijective. It follows that introducing A*: = £r~ 1 (1a) the inverses of the maps £ R and are written 

as 

£iC 1 (a) = A* *- S{a) R £ _1 (a) = A* o S r- fir -1 (a). 
Analogously, the right integral T is non- degenerate if the maps 

lT : *A — > A *0 i— > Tt— *0 and 
Tl : -4» — » A 0» I— > Y 0* 

are bijective. Introducing *p: = lT _1 (1 j 4) the inverses of the maps lT and Tl are written as 

iT-^o) = 5(a) -r *p r L -\a) = S^a) - (»p o 5). 

It is proven in [2 J Theorem 5.5 that the existence of a non-degenerate left integral £ in the Hopf algebroid 
A implies that all ring extensions sl ■ L — > A, t^ : L op — > A, s r : R — > A and tjj : i? op — > A are Frobenius 
extensions. In particular the modules lA, A fl and fl A are finitely generated projective hence all 
rings *A, A* A* and *A carry bialgebroid structures. The right bialgebroids *Ar and A*r and also the 
left bialgebroids A* l and !4,l were shown to be isomorphic. Furthermore, the left bialgebroid A* l and 
the right bialgebroid *A R turned out to be anti-isomorphic. 

What is more, fixing a non-degenerate left integral I in A, one can construct an (^-dependent) Hopf 
algebroid structure A* e on the ring A* with two sided non-degenerate integral £ R (1a). 

The Hopf algebroids A*i and A*i> - corresponding to different choices of the non-degenerate left 
integral - are isomorphic but not strictly isomorphic. 

Assuming the existence of a two sided (i.e. both left and right) non-degenerate integral i 2 , the Hopf 
algebroid A*i can be interpreted as the dual Hopf algebroid of A in the following sense: 



Theorem 2.8 Jgj Let Abe a Hopf algebroid with two sided non- degenerate integral i. Then the fol 
data define a Hopf algebroid A* The left bialgebroid over the base R and the right bialgebroid over the 
base L on the ring A* given by 

s l( r )( a ) = r7T R (a) s* R (l)(a) = n R (s L (l)a) 

t* L (r)(a) = 7T R (s R (r)a) t* R (l){a) = \*(S(it L (l))a) 

ni(<t?) = <p(l A ) n R (f) = n L o SR o(\*<t?)(i) 

where A* = i R ~ (1a), and the antipode S* = i R ~ oSoi R : A* — > A*. By iterating the construction the 
second dual Hopf algebroid (A*i)*^ lr is strictly isomorphic to A. 

The above Theoreml2.8lis a variant of 2] Theorem 5.17. 



3 Hopf algebroid symmetry of abstract D2 Frobenius extensions 
3.1 Some harmonic analysis 

We adopt a graphical notation for bicategories using planar diagrams similar to that has been used 
e.g. by Yetter for sovereign monoidal categories in [22]. The only difference is that now also the planar 
regions carry labels, the objects of the bicategory. As an experiment, we will also employ a notation 
for the coherence isomorphisms at the price of introducing some metrical information into the diagrams 
which, of course, destroys the topological nature of 2-categorical diagrams. 

2 For a two sided integral i the non-degeneracy as a left and as a right integral are equivalent. 
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Let (C, s , to, si, ti, o, x,l, r, a) be a bicategory. We use the following graphical rules. For a 1-cell a 
we draw a vertical line. The area right to the line is labelled by the source 0-cell s (a) and the area 
left to the line by the target to (a)- For the 2-cell x we draw a box with upper 'leg' its source S\{x) 
and lower 'leg' the target ti(x). The vertical composition x o y is represented by a picture in which x 
is placed under y. The horizontal composition x x y is represented by a picture in which x is placed 
left to y. Since the horizontal composition is not strictly associative we take care about the horizontal 
distances between two lines or boxes. The successive bracketing is represented by growing distances. 
For the coherence natural isomorphisms we use the graphical notation 




where the dashed line emphasizes that we have a 0-cell here. 

Let l be a Frobenius 1-morphism of C - that is suppose that b has a two sided dual 1. The Frobenius 
property means the existence of 2-morphisms 

ev R e C 2 (l x 1, to(i)) coev R e C 2 (s (l),I x t) 

ev L £ C 2 (l x l, so(t)) coev fi eC 2 (t (t),txt) (3.1) 

satisfying the relations 

r,o(ix ev L ) o a t , M o (coev L x c) o LJ 1 = i 
It o (evi x t) o o (I x coevi) o r^ 1 = I 
ltofevjjXtjoa^ofixcoevBjor; 1 = i 

r z o (t x ev,R) o &i th i o (coevfl, x r) o l^ 1 = t. (3.2) 
In the graphical notation we draw a vertical line directed downwards for l, upwards for I and 





It follows from coherence that the meanderings of the lines as well as the dashed lines may be 
forgotten if equality of two 2-cells is to be proven graphically. 

From now on we assume that the bicategory C is enriched over Ab, i.e., the hom sets are Abelian 
groups, written additively, and both the vertical and the horizontal compositions are group homomor- 
phisms. In this situation both isomorphic additive groups A: = C 2 (l x l,l x t) and B:=C 2 (lxt,ix C) 
carry two ring structures. The multiplication in A: = (A, o) and B: = (B, o) is given by the vertical 
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composition o of C while A: = (A, *) and B: = (B, *) can be denned - by fixing the 2-morphisms l|3.1l) 



oi * a,2 = (r t x t) o [(4 x ev L ) x I] o (a hZ ,t. x I) o a^ Tll o (a a x a 2 ) o 

o a<,xi,L,z x r) o [(<- x coev fl ) Xi]o (r^ 1 x t) 

6i*& 2 = (i x l t ) o [i x (evR x i)] o (I x a~^J o a.^ ltTxi o (61 x 6 2 ) ° 

a M^x t (t x a t:M ) o [r x (cocv L x 1)} o (r x L7 1 ). 

In the graphical language 





(3.3) 
(3.4) 



By coherence A and B are associative with units ia'- = coev^oevfl and %b'- = coev/joev^, respectively. 
This way we have four associative unital rings A, B, A and B. We claim that A is isomorphic to B and 
B is isomorphic to A. Let us define the Fourier transformations 



T : A 



J - : A 



B a 



B (2 I ► 



In picture: 



t 1 



r rxt ° [(i x i) x ev L ] o a ZXhTtl o (a^ r x t) o [(t x a) x a] o 

(a I}hT x t) o a^ x \ :M o [coev^ x(ix t)] o 1=^ 

ltxt [cvl x (t x t)] o a^ rxt o(ix a t) r )t ) o [t x (a x t)] o 

(t x a"^ ) o a r)t ,rx(. [(t xi)x coev^] o rf^ (3.5) 



Both J- and .F are bijections with inverses 

T~ x : B -> A 6 I lxr o [ev_R x (t x t)] o a~£ txr o(ix a^r) o [t x (6 x t)] o 

(i x a, , o a liEitX E [(t x t)] x cocv L ] o r"^ 
T~ x : B -> A 6 r tX t o [(t xi)x ev fl ] o a txM , r o (a~£ t x t) o [(1 x 6) x t\ o 

(a t>M xi)o a^j o [coev L x(ix t)] o 1^ (3.6) 

They relate the products o and * as follows: 

T{a\oa 2 ) = J 7 (a 2 ) * T(ai) 
J 7 (aioa 2 ) = fi{ai) * £{(12) 
F{a\ * a 2 ) = F(ai) o F(a 2 ) 

T{ ai *a 2 ) = T{a 2 )oT( ai ). (3.7) 
The equations l|3.7ll imply that the differences of the Fourier transformations give ring anti-automorphisms 
S A : = p- 1 o T : A°P -»■ A and S B : = T o T~ x : B° p -> B. (3.8) 



9 



They are to be the antipodes in the case when t satisfies the D2 condition discussed in the next subsection. 

Let us investigate some bimodule map properties of the maps Sa and Sb ■ Both additive groups A 
and B carry four commuting actions of the anti-isomorphic rings L: — C 2 (t, l) and R: = C 2 (t, t) - given 
by 'composition on the four legs'. That is we have the ring isomorphisms 



fi : L — > R op I i— > \ T o (ev£ x l) o \{l x I) x l] o a E \ z o (t x coev^) o r T 1 
v : L — > R op I h rjo(ix ev^) o[l x (I x I)] o & T ^j o (coevn x I) o l^ 1 

which read in the graphical language as 



(3.9) 



M0 = 



K0 = 



With the help of the maps /i and v we can define the bimodules lAl and R A R as follows: 

I ■ a = (I x I) o a a ■ I =(ix A*(0) ° 

a-r =ao(txr) r-a =ao(v _1 (r) xi). (3.10) 



Since 



and 



T(l-a) = (rxl)oj(d) .F(a-Z) = f(a)o(txI) 

^(a-r) = f (a) o (r X t) ^(r • a) = (rxi)of(«) (3.11) 



.F(Z • a) = F(a) o (/*(/) x t) j"(a • /) = (/i(Z) x t) o j"(a) 

F(a-r) = (tXi/- 1 (r))oi , (a) JT( r . ) = j(a)o(txi/ _1 (r)) (3.12) 

the map SU is compatible with the bimodule structures H3.10J1 that is it is a twisted bimodule map [2\ 
L A L -> and also ~> 

S , A(?-a-/') = ^C')-a-^(0 S A (r -a-r') ^^{r') -a-^ 1 ^). (3.13) 

3.2 The depth 2 case 

The notion of depth 2 or shortly D2 property in the context of bicategories was introduced in j2^] 3 : 
Let C be an Ab-enriched bicategory closed under direct sums of 1-morphisms and possessing zero 1- 
morphisms for any pair of objects. Such bicategories will be called additive. Let t be a 1-morphism 
in C possessing a left dual 1. Then l is said to satisfy the left D2 condition if (t x I) x i is a direct 
summand in a finite direct sum of t's. In this case - under the additional assumption that sq(l) is a 
direct summand in I x t, which can be relaxed - it was proven in j2^] that for such a 1-morphism i the 
ring A = (C 2 (t Xl,LXt),o) has a canonical left bialgebroid structure over the base L = C 2 (l, l). 

It is clear that if (t x i) x I is a direct summand in a finite direct sum of T's (right D2 condition) then 
the ring B: = (C 2 (t x i,ix t), o) has a right bialgebroid structure. 

In the sequel we will see that if i is a D2 Frobenius 1-morphism 

then so is I. In this case the rings A = (C 2 (t xi,ixi),o) and £? = (C 2 (T x t, t x t), o) carry left as 
well as right bialgebroid structures such that together with the antipodes Sa and Sb in H3.8H they are 
dual Hopf algebroids in the sense of [2] . 

Throughout the subsection let (C,so,to,sx,ti,o, x,l, r, a) be an additive bicategory. Let i be a 
Frobenius 1-morphism in C. In this case one can reformulate the D2 condition as follows: 

3 Recall that the terminology of 1251 is somewhat different from the later publications. The condition that was called 
D2 property in |25| we call left D2 property, as it is explaned in the Introduction. 
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Proposition 3.1 The I satisfies the left D2 condition if and only if there exists an element J2i Ui® x i G 
A L (g> L A such that 



(yi x l) o a t I L o (4 x cocvr) o (4 x evi) o a t)Z r )t o(ij8i) = (iXt)xi 



(3.14) 



where A L is the right L module defined as a ■ l:= a o (J, x 4). 7n t7ie graphical notation [3. 14\ ) reads as 



V 



ITie element J^i Vi® x i G ^ L ® £^ * s called a D2 quasi-basis /or 4. 

Proof: The property that (1 x 4) x t is a direct summand in a finite direct sum of t's means the existence 
of finite sets of 2-cells 



{Pi}i=t...n C C 2 ((tXl)xt,l) 

C C 2 (i,(ixi)xi) 



(3.15) 



satisfying ^ = (tXi)x 4, By the Frobenius property of 4 this is further equivalent to the existence 

of the sets 

{xf. = x t) o a~^ lLl o [(i xi)x coev L ] o r^}, =L .,„ C C 2 (t Xt,iXt) 

{ Vf-= r LXI o [(4 x 4) x ev fl J oa txr , lif o x 4) } i= i...„ C C 2 ((xt,txi) (3.16) 



ft 



satisfying H3.14II . ■ 

If Vi ® x i is a D2 quasi-basis for 4 then ^ J? 7 o o ^(xi) ® T(yi) £ B R f - where rB is 
the left i?-module defined as r ■ b: = (r x 4) o b and B R is the right i?-module b ■ r = b o (r x 4) - is easily 
checked to be a D2 quasi-basis for 4. Since, owing to the Frobenius property of 4, the right D2 condition 
on 4 coincides with the left D2 condition on I we conclude that 4 is D2 if and only if it is left D2 and if 
and only if 4 is D2. 

From now on let 4 be a D2 Frobenius 1-morphism in C with D2 quasi-basis yi <S> Xj. We omit the 
summation symbol for summing over the D2 quasi-basis. The next Proposition shows that yi ® Xi is 
really a quasi-basis in the sense of [33 : 



Proposition 3.2 The map 



is a Frobenius extension. 



L 



A 



I x 4 



Proof: We construct the Frobenius map 

4>l ■ A — > L (iH^ofix ev^) o a t) r )t o (a x 4) o a~* t o (4 x coev^) o r^ 1 



(3.17) 



(3.18) 
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V 




and show that it has the quasi basis yi®Xi. Making use of the coherence axioms in C and the relations 
H3.2I) and H3.14I) we have 



s£ ocj) L (ao y % ) oxi = (r t x l) o [(t x ev^) x l] o (a tif:t x I 

[(l x coev#) x r] o (r^ 1 x I) o Xi = 

= (r t x r) o [(i x ev L ) x t] o (a t , rit x I 
[(l x coevfl) x t] o (r^ 1 x t) o (t x 1 
[ix(tx cocvl)] o (i x r^ 1 ) = 

= (r t x t) o [(i x cv L ) x Z] o (a t , r)i x t 
[(/, x coevfl) x t] o [(t x ev^) x l] o 
[(i xi)x cocvl] o r~ xz: = a. 

Analogously, 



o [(a x i) x t] o [{m x i) x i] o (a t 1 1 x t) o 

o [(a x t) x Z] o [(j/j x i) x i] o (a^r.t x t) o 
) o [ t x (ev L x r)] o(ix a^ r ) o 

o [(a x t) x I] o [(j/i x t) X I] o (a~* t X i) o 
a h i,i xi)o [(if xi)xi]o a~ x \ r o 



The following lemma collects some useful properties of the quasi-basis yi^Xf. 
Lemma 3.3 For any elements a, 01,02,03 m A the following hold true: 

i) a o yi ® Xi — yi ® Xi o a as elements of A L ® lA (3.19) 

ii) yi® Xi * a — yi * Sa{o) ® £i as elements of (3.20) 
in) ai * (02 o 03) = [(ai o y^) * 02] o (a;j * a 3 ) as elements of A. (3-21) 

Proof: The part i) is a standard consequence of Proposition 13.21 

In order to prove the part ii) use the identity <Pl{cli (0,2 * Sa(cl3))) = 4>l((o,i * 03) o 02) - following 
from 113, 2|) and the coherence axioms in C - holding true for any 01,02,03 G A and Proposition 13.21 to 
show that in A L ® lA we have 

yi®Xi*a = yi ® s£ o 0£,((afi * a) o j/ 3 -) o ccj = o s£ o ^((rc, * a) o yj) ® = 
= 2/i o s£ o L (a;j o (^ * SU(a))) ® £j = Vj * S A (a) ® Xj. 

The part m) is checked by direct calculation making use of the definition (|3.3I) . the quasi-basis 
property H3.14J1 and the coherence axioms in C. ■ 

We are ready to construct the various ingredients of the Hopf algebroid structure on A. In addition 
to the map s£ in H3.17J1 - that is going to be the source map of the left bialgebroid structure - with the 
help of the map [i in Q3.9JI introduce the map that is going to be the target map as 

ti : L op -> A l^> ix (3.22) 
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It is obviously a ring homomorphism. The relations l|3.2ll imply that the element %a = coev^ o ev# 6 A 
satisfies 

$l ° ° *a) ° iA = a ° *A = if ° *a) ° *A (3.23) 

for any element a in A and for the map </>l introduced in Q3.18JI , 

Defining the ring homomorphisms that are to be the source and target maps of the right bialgebroid 
structure on A as 



fl-> A 
R°p -» A 



i x r 



rn j/ (r) x l 



and the maps that are going to be the counits as 

nt : A — > 1/ (jH^fao i^) 



tt£ : A -> i? 



a h-> v o § L (S A {a) ° m) 



(3.24) 
(3.25) 



(3.26) 



satisfy 



we can prove 

Lemma 3.4 T/ie maps ir£ and ir^ together with the maps lS.17p . kS. 22\) and j3.24M 

i) (aoi A )*l A = s £o7r£(a) 

ii) lA*(aoi A ) =tf j oir£(a) 

Hi) \ A * {iA ° a) — s R 07r R( a ) 

iv) (i A o a) * 1 A ^tfi 07r R( a ) 

for all a £ A. 

Proof: Using l|3.18ll and IJ3.2H one computes that 

7r^(a) = 4>L{ao i A ) = r, o(ix ev L ) o & L ^ t , o [(a o coev L o ev R ) x t] o a~± t o(ix coev#) o r^ 1 = 

= r,o(ix ev L ) o o [(a o coev L ) Xt]o l" 1 (3.27) 



tf(o) 



Then follows by 

(a o « A ) * 1 A = (r t x t) o [(*, x ev L ) x t] o (a. hTtl Xi)o a"^ ^ o [(a o coev L o ev^) x(ix t)] o a tX 4,t,r ° 

( a Zl, xl )° [0 x cocv_r) xi]o (r^ 1 Xt) = 
= (r t x t) o [(t x evi) x t] o (a ljtit x t) o [((a o coev^ o evji) x i) x t] o (a~^ t x t) o 

[(t x coevi?) x r] o (r^ 1 xt) = 
= (r,, x l) o [(t x evi) x t] o (a t!l - )t xi)o [((a o coevi) x t) x t] o (l" 1 xi) = 

= 7Ti(a) Xt=sf 7T^(0). 



Analogously, ii) follows by 
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The identities Hi) and iv) are proven analogously using 

7r^(a) = Vi o (l x evu) o (r x a) o a ri ,„ r o (coev^, x t) o l^ 1 (3.28) 



74(a) = a 



In the following theorem we give the explicit form of the bialgebroid structures on the ring A the 
existence of which follows by Theorem 3.5 in |25| : 

Theorem 3.5 The ring A carries a left bialgebroid structure Al over the base L and a right bialgebroid 
structure Ar over R with the structural maps 

S £(Z)=ZXI t£(l) = lXn(l) 

lt( a ) = a * S^iVi) ®Xi = S A x {yi) <8 x t * a irf (a) = <j> L (a o i A ) 

s R (r) = i x r ^r{ t ) = v~ x {r) x I \ ■ ) 

7^ (a) = a * S A (x t ) <8> y» = SU^i) ®yi*a K R (a) = vo cf> L (S A 1 (a) o i A ). 

Proof: The equality of the two forms of 7^ given in i!3,29|) follows from H3.20J1 and the fact that by 
H3.7J1 we have S A (ai * 02) = S A (a 2 ) * S A (ai). 
Since 

(s^(l)ofl 1 )*a 2 =s^(()o(ai*a 2 ) and a\ * (i£(Z) ° a 2 ) — t^Q) o [a\ * a 2 ) (3.30) 

the 7^ is an L-L bimodule map. The left L- module map property of n£ follows from the left L- module 
property of 4>l- Its right L-module map property follows by the use of the identity ev^ o (/i(Z) xi) = 
ev£ o (l x I) and the relations i|3,2|l : 

^i^iCO °>) = fe(*i(0°«°u) = 

= r t o (i x evi) o ° [(t x t) x Z] o (a x t) o (coev^ x t) o 1~ = 
= r t o (/, x evi) o a t) t )t o (a x t) o (coev^ x 1) o l^ 1 o Z = 7r£ (a) o Z. 

The coassociativity of 7^ follows by using both forms of it: 

(7l ® idA) o t£(o) = ^(j/j) ® * a * S A \ yi ) <g> x t = (id A ® 7l) 7l («)• 

The relations 113. 1113. 1211 imply that S A ° i£(Z) = s£(Z). Since by Proposition El and il3~23j) we have 
UiO s^o 7r^(xi) — i A — o tt^ o S^ 1 (yi) o a:, and «a is the unit for A, the 7r£ is the counit for 7^. 
Using i!3,19|l we have the identity in Al (g> for any a £ A and Z € L: 

O(i) °*i(0 ® °(2) = S'^ 1 (t/i)o^(Z)®a;i*a = 5^; 1 (2/i)(8)(a;iOs^(Z))*a = 

= S^iVi) ® * a ) ° s i(0 = a (l) ® a (2) Sl(0- 
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Since a * 1a = s£ o 4>l(o) for all a £ A, also 

7^ (1a) = S A 1 {y l ) ®Xi*l A = S A 1 (y i ) ® s£ o ^(a;,-) = if o ^(a;;) ° S^iVi) ® 1a = 1a ® 1a- 
It follows from (I3.21|l that 

li( a i)li( a 2) = S A 1 (y l )oS A - 1 (y J )®(xi*a 1 )o(x :j *a2) = 

= "Sa 1 (l/* os l° "M^fc ° Vj ° J/»)) ® fai * ° * 02) = 
= S A 1 (y k ) ® o L (x fe o y 3 - o j/j) o (ajj * 01) o (aij * a 2 ) = 

= S^iyk) ® [(a:* ° * 01] o (xj * a 2 ) = S A 1 {y k ) ®x k * (01 o a 2 ) = 7i( a i a 2)- 
Finally, using l|3.23l) we have 

7r^(oiosfo^(a 2 )) = cj>L{a\osj j o(j) L {a2oi A )oi A ) = <j) L (a x o a 2 o u) = 7r£(aioa 2 ) = 7r£ (aiot£o7r£(a 2 )). 

This finishes the proof of the statement that .4l = (A, L, s£, if, 7^ , tt£) is a left bialgebroid. 

In order to prove that Ar = {A, i?, s R , t R , 7^, 7r^) is a right bialgebroid observe that (S A , v) is a left 
bialgebroid isomorphism Al — ► (Ar)°op i- e - 

5a s£ = ^ S A ot^ — t R ov 

Sa® l a °li = 1r° Sa v o = ir R o S A 

where the map Sa® l a '■ Al (8 iA — > A fl ® R .A is defined as a\ ® a 2 1— » 5,4 (a 2 ) (8) 5a(oi) and v : L ^ R° v 
has been introduced in l|3.9ll . ■ 

Theorem 3.6 TTie Ze/i and right bialgebroid structures f.9. 29\) on the ring A and the map Sa in 
form a Hopf algebroid A. 

Proof: It is obvious from lETTl . (QQZ} and II3.24I3.25II that 

si(L)=t R (R) ti(L) = s R (R) 

as subrings of A 

Using the explicit forms 113. 2911 of the coproducts 7^ and 7^ we have 

(7^ ® idA) °7r(«) =^ , A 1 (2/j) * a*5A(a;») ®y» = (idA ® 7n) 7l (a) 
(7^ (g) idA) °7l(«) = 5a (xj) ® 2/j * a * Sj 1 ^) <8 x 4 = (idA ® 7^) o 7^(0). 

The map 5a is bijective by the bijectivity of the maps T and .F. It is anti-multiplicative by H3.7JI and 
H3. 1113. Q imply S A ot A L = s£ and 5a ° = Hence 

5 A (^(0 o a o *£(/')) = *£(0 o 5 A (a) o s£(0 S A (t£(r) o a o i£(r')) = o 5 A (a) o s R (r). 

By the mj and the ii) of Lemma 13.41 also 

5a(0(1)) ° 0(2) = 2/i * o) = 1a * (m o) = o vr^(a) 

a (1) o 5^(a (2) ) = 5A((2/i * a) o^) = 5a (1a* (00 i A )) = S A otf ott£ (a) = s£ ott£ (a). ■ 

Theorem 13.61 above generalizes the result proven in the Proposition 6.19 in [13] ■ There 1 is assumed to 
be a finite index and irreducible D2 Frobenius 1-morphism in a semisimple fc-linear bicategory. Then 
the endomorphism rings A of 1 x I and B of I x t are equipped with dual finite dimensional semisimple 
and cosemisimple Hopf algebra structures. 

Interchanging the roles of the 1-morphisms l and I, Theorem l3.6l imnlies that also the ring B carries a 
Hopf algebroid structure B — (Bl, Br, Sb)- The left bialgebroid Bl has R as the base and the structural 
maps 

sf{r) = rxi t B L {r)=lxv- x {r) 
1 l{b) = b*F[ Xi )®T{y i )=F{x i )®F{y i )*b (6) = v o fa o ^(b). 
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The right bialgebroid Br has L as the base and the structural maps 

sf t (l)=Txl t R (l) = ^(0 x l 

1 °(b) = b*F{y i )®f(x i )=F(y i )®F(x i )*b w%(b) = <t> L of-\b). (3 " 32) 

In the rest of this subsection we are going to prove that the Hopf algebroid B is strictly isomorphic to 
the dual of A. 

Lemma 3.7 The four rings *A and A* in 12.1 Op . A* and A in \2.11\) are all isomorphic to B . 
Proof: We construct the isomorphism 



a*:B^A* ^^^(S/Hor 1 ^)) (3.33) 



with inverse 



.,*-! 



A*^B <j)* ^ffeo^of oS A { Xi )). (3.34) 

As a matter of fact 

a*- l oa*Q>) = J^o^c/o^^or 1 ^))) =b 

a* o a* _1 ((/)*) = uo(f) L (S' j4 1 (-) o j/ 4 o t R o o S A (x.i)) = v o (f> L o y,) ofo S A (xi) = 

= 4>* O S A (S't O (j) L (S^ 1 (~) O yi ) OXi) = <p* 

(a*(h)a*(b 2 )) (a) = vo fa (S^Kyi *a)ot A R oyo fa{ Xi o T-\b 2 ))\ o ^{h)) = 

= vofa{S A 1 {a)o[T- 1 {b 1 )^- 1 (b 2 )])^vofa{S- A 1 {a)oT- 1 {b 1 ob 2 )]) = 

= a*(bi o b 2 )(a). 



Analogously, one checks that 



a 

define isomorphisms of rings 



*a 


B - 


■+ A 


-i 


A - 


-> S 


*a 


B - 




-i 




B 


a* 


B - 




-l 







6 i-> vo<\> L {T~ x (b) o-) 

*0 ^ F{t R °*(t>{yi)°Xi) 

b ^ fa(-oT~\b) 

i) T {yi o s'l o ^(xi)) 

b » fa{p- x {b)oS A {-)) 

0* i-» -T 7 (s£ o 0* o (Vi) O Xi) 



Theorem 3.8 The element i A - — coevioev^ is a two sided non-degenerate integral in the Hopf algebroid 
A. 

Proof: The element i A is a left integral by H3.23J1 and the definition H3.27J1 of the map ir A . Since it is 
invariant under S A it is also a right integral. It remains to check non-degeneracy. As a matter of fact 

a*(b)^i A = y t ot A R ovofa{x l oT- 1 {b))=T- 1 {b) 

hence the map 

{i A ) R =T- 1 oa*- 1 (3.35) 

is bijective. Analogously, r(i a ) — o *or x is bijective. ■ 

Interchanging the roles of the 1-morphisms i and I, Theorem 13 . 81 implies that ir = coevR oevi is a 
two sided non-degenerate integral in the Hopf algebroid B. 

Remark 3.9 With the help of the two sided non-degenerate integral i A = coevL oev_R the convolution 
product H3.3H takes the forms 

ai*a 2 = (ia)r ((i A )R 1 (ai)(i A )R 1 (a 2 )) = r{}a) \R(iA)~ 1 (a2)R(iA)~ 1 (ai)j = 

= {iA)L{{iA)l X {a 2 ){i A )l l {a x )) = L {i A ) (L{iA)~\a 1 ) L {i A )~ l {a 2 )) (3.36) 

where ir : A R — > A, R i : R A — > A, i,i : iA — > A and %l '■ Al ^ A are bijections of additive groups. 
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By Theorems 13 . 81 and 12 . 81 there exists a Hopf algebroid structure A*i A on the ring A* with structural 
maps listed in the Theorem l2.8l 

Theorem 3.10 The Hopf algebroid A*i A is strictly isomorphic to B. 

Proof: Let a* : B — > A* be the ring isomorphism (|3.33|) . We claim that (a*,id_R) is a strict 
isomorphism of Hopf algebroids B — » A*i A . Use H3.11I) and l|3.35|) to check that 

a*-!o S *(r) = F(yiot R [roir R oS A (x i )})=F(y i o S *oir£(x i )ot R (r)}) = 

= f(^o^(r))=rxi = s^(r) 

a*- l ot* L {r) = F{y i ot%oK%{s%{r)oSA{x i )))=F{tj i {r)oy i os A L oTt£{x i )) = 

= F(tf i (r)oi A ) = Lxis- 1 (r)=tl(r) 

(a*- 1 ®a*- 1 )o 7 £oa*(fe) = a*" 1 (a* (6) <- S A (a*)) ® a*' 1 o (i^foi) = 

= J r (j; l o ot R ov o 4>l(x 3 ° J 7-1 ^))) ® T(yi) = 

= f{x i of- 1 (b))®F(y i )=' r Z(b) 

vr2oa*(fe) = a*(6)(l A ) =^^0^(5) =7rf(6) 

a* -1 oS'oq* = a* -1 o (^a)^ 1 ° Sa ° («a)_r ° a* = T ° Sa° J~ l = T ° J 7-1 = 5b. ■ 

Example 3.11 Let TV — > M be a D2 Frobenius extension of rings. Then the N-M bimodule nMm is 
a D2 Frobenius 1-morphism in the additive bicategory of bimodules. Applying the above construction 
we obtain the Hopf algebroid described in Section 3 of [2j. 

3.3 The inverse construction 

In this subsection we address the question what Hopf algebroids arise as symmetries of abstract D2 
Frobenius extensions in the way explaned in Subsection 13.21 By Theorem 13.81 the existence of a two 
sided non-degenerate integral is a necessary condition. The main result of this subsection states that it 
is also sufficient. 

Throughout this subsection let TL = (Hl,'Hr, S) be a Hopf algebroid with a non-degenerate right 
integral i. We use the notation Hl = (H, L, sl, t^, jl, ttl) and TLr = (H, R, sr, £r, jr, ttr) . In 
what follows we associate a bicategory and a D2 Frobenius 1-morphism of it to the pair {Tt,i). The 
construction is built on the generalization of the result in [H] described in the Appendix. We arrive to 
the statement that if i is a two sided non-degenerate integral then the Hopf algebroid symmetry of the 
D2 Frobenius 1-morphism constructed is isomorphic to H. 

Recall that for a right bialgebroid Hr the right regular i?-module Hh is the object part of a 
comonoid. That is the triple {Hh , Jr, ttr) is a comonoid in the monoidal category Mh- Now we claim 
that for a Hopf algebroid TL possessing a non-degenerate right integral the Hh has more structure then 
just being a comonoid. The following proposition generalizes the result of on Hopf algebras: 

Proposition 3.12 Let TL be a Hopf algebroid with a non-derenerate right integral i. Define the convo- 
lution product on the additive group H underlying the ring H as 

h x *h 2 = LiUr 1 ^)^- 1 ^)) (3.37) 

and the map 

n:R->H r i-f is R (r) = it R (r). (3.38) 
Then {Hh,*,1], 7h,7Tr) is a Frobenius algebra in the category A4h- 

Proof: Let *p: = £i -1 (l.ff). We use the notation 7z,(/i) = hm ® h( 2 ) an d lR{h) = ® hP^ for 
h e H. Using the Hopf algebroid identity h r— ii _1 (fc) = k jl _1 (/i) for all h, k G H - see [5] Lemma 
5.11 - the convolution product H3.37fl has the equivalent forms 

h * k = h v- ii _1 (fc) = t L o *p (ft( 2 )5(fc)) = 

= k^i L - 1 {h)=s L o* P (h,S{k (1) ))k (2) . (3.39) 
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First we show that (H H , *, 77) is a monoid in Mr- Both * and r\ are -ff-module maps as for all ft, k,k' G H 
and r € R we have 

fcft« * k'h^ = tL o x p (fc (2 )ft (1) (2) S(fc'ft^)) fc ( i)ft (1) (1) = t L o ,p (fc (2) s £ o n L (h (2) )S(k')) fc (1) ft (1) = 

— tv *P \k(2)S(k')) k(\)h = (k * k')h 
V ° n R (s R (r)h) = is R o ir R (s R (r)h) = is R (r)h = r)(r)h. 

Using (|3.39|) . the convolution product * can be seen to be associative: for h,k,l G H we have 

(ft * k) *l = th o *p (fc( 3 )5(2)) Si *p (hS(k(i))) fc( 2 ) = h* (k*l). 

As i is the unit for the ring (H, *), the map rj is the unit for *: 

ft * r](r) — ft * (isij(r)) = (ft * i)s R (r) = hs R (r) — rn{h ® r) 
rj(r)*h= (it R (r))*h= (i*h)t R (r) = ht R (r) = l H (r®h). 

The compatibility of the monoid (Hh,*,t]) and the comonoid (Hh,'Jr,^r) follows by 

j R (h*k) = j R (h^- L r 1 (k)) = h W ®h {2) v- L r 1 (fc) = /i (1) ®ft (2) *fc 

= 7fl(fc ^ izT^ft)) = k (1) <- ® fc (2) = ft* fc (1) ® fc (2) . ■ 

It is obvious from Q3.39I1 that also 

7i(ft * k) = ft(x) ® ft( 2 ) *k — h* ® fc( 2 ). (3.40) 

Let BIM(A / lff ) denote the additive bicategory of internal bimodules in the monoidal category Mh 
of right -ff-modules. (For the definition of the bicategory of internal bimodules see the Appendix.) 
Denote the trivial monoid corresponding to the monoidal unit Rh of Mh bjU = {RhJr = r R ,R) and 
the monoid jSHHEHIHt by Q = (Hh, *>??)• Then by Proposition 14. II the X: = (HhJh, *) is an internal 
U-Q bimodule and X: — (Hh,*,Th) is an internal Q-U bimodule in M-h- Furthermore, X is the two 
sided dual of X in BTM(M H ). 

Proposition 3.13 The Frobenius 1-morphism X of the bicategory BIM(A^h) satisfies the D2 condi- 
tion. 

Proof: The 1-morphism X ® X of B1M.(Mh) is the internal U-U bimodule (Hh , Ih,i"h)- Introduce 
the left multiplication map 

A:H -^M H {H H ,H H ) = B\M(M H f(X ® X,X® X) A{h)k:=hk. (3.41) 

We construct the D2 quasi-basis 

A(S(t (1) ))®A(i (2) ). (3.42) 
Using the explicit forms of the coherence isomorphisms 

l x (r®h) = ht R {r) \ x (h®k) = h*k 

r x (h®k) = h*k r x (h <g> r) = hs R (r) (3.43) 

a. x x x (h <8> k <8 I) — h®k®l & x x x (h ® k ® I) = h®k®l 

for r S R, ft, k, I 6 H and the 2-morphisms l|4.45ll and i!4,46|) one checks that 

(A ® X) o 1R o * o (A(* (2) ) ® X)(h®k) = 

= S(i (1) )[(i {2) h)*k]W®[(i (2) h)*k]W = 

= ftS'(i (1) )i (2) (1) ® z (2) (2) *k = hs R o 7T fl (i (1) ) ® i (2) *k = 

= h ® (i (2) * k)t R o 7r fl (« (1) ) = h ® fe 

which is the D2 quasi-basis property (13. 141 1. ■ 

Proposition EH together with Theorem El implies that the ring A: = BIM(M H ) 2 (X ®~X,X ®~X) 
carries a Hopf algebriod structure A. 
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Theorem 3.14 // the non- degenerate right integral i used to define the convolution product \3.8T)) is 
invariant under the antipode then the Hopf algebroid A is isomorphic to Ti.. 

Remark 3.15 The non-degenerate right integral is also a left integral if and only if it is invariant under 
Sa- The i/part follows from Hi) of Lemma l2?7l and the only if part follows by 

Sa 1 ^) = i t- (i —r *p) = t L ° *p(«( 2 )i)i(i) =t L o *p(s L o 7r L (i(2))i)i(i) = t L o *p(i)t L o 7r L (i (2 ))i(i) = i. 

Proof of the Theorem: The total ring of the Hopf algebroid A is 

A: = BIM(M H ) 2 (X %X,X®X) = M l H {H H , H H ) ~ H 

via the ring isomorphism defined by the left multiplication map A : H —* A as in j^jHj . 
The base ring of the left bialgebroid underlying A is L A — BIM(Mh) 2 {X, X) that is 

L A = {k e M^Hh^h) I K{hx * ha) = n(hi) *h 2 Vfti, h 2 € H } ~ L 

via the ring isomorphism A o sl '■ L — * L A . 

We claim that (A : H — > A, A o S£ : L — > L" 4 ) is a strict isomorphism of Hopf algebroids. Denote the 
convolution product l|3.37ll by * and the one in (13 . 3f) by *a- Also write S for the antipode in TL and Sa 
for the one in A. Substituting the 2-morphisms Ij3.43l) . IJ4.45I) H4.46f) we obtain for all h 7 k,m 6 H the 
identities 

^oA^H = i (1) s R on R ((^ (2) ) *m) = A(S(/i))(m) 
[A(/i) *a A(fc)] (m) = */bn (2) = A(h*k)(m), (3.44) 

where in the second step of the first line we used the left integral property of i. The identities H3.44H 
imply 

7^ o A{h) = A(h) * A S A X o A(S(i {1) )) <g> A(i (2 )) = A(/i * t (1) ) ® A(i (a) ) = (A ® A) o j L (h). 

Computing the value of pa introduced in l|3.9ll on the element Aosl(Z) of L A , we have ^(Aos i (Z))(/i) = 
tL(l)h for all ft. G , hence 

SjoAos L (i) = Aos L (() 

i£oAosi(Z) = p A ° Ao SL (l) = Aot L (l). 

Finally, for h,k E H 

[tt£ o A(/i)] (fc) = hi * k — [A o sl o ttz,(/i)] (fe). ■ 
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4 Appendix: The bicategory of internal bimodules 



Let (M, ®, U, 1, r, a) be a monoidal category with coequalizers s.t. the monoidal product preserves the 
coequalizers. Then there is a bicategory BIM(.A/f) of internal bimodules constructed as follows. 

The O-morphisms are the monoids in A4, the 1-morphisms with source N and target M the M-N 
bimodules in M. and the 2-morphisms the bimodule maps in M.. The vertical composition is given by 
the composition in M. The horizontal composition is the tensor product of bimodules defined with the 
help of a coequalizer. 

Let 1Z — {R,mjt,T]ii), S = (S,ms,r]s) and T = (T,niT,VT) be monoids, (M, X M , p M ) an 1Z-S and 
(N, Ajy, pn) an .S-T-bimodule in M.. As an object in A4 the M f N be the object part of the coequalizer 

{tm,n,M§ N): 

a M S N T M,N 

M 68 (S » N) ' M (gi N * MfN 



The object MfN can be equipped with an 1Z-T bimodule structure using the universal property 
of the coequalizer: 



R ® (pm ® JV) o a.fj SN R ® r M .jv 
R (M 8 (S ® JV)) g -' R®(M®N) „ Rig, (MfN) 



R<8 (M<g>X N ) 



tm,n ° (A m ® JV) o a R l M , 



M»JV 



(p M ® JV) o aj/ s N ® T T M , W ® T 
(M®(S®JV))®T (M®N)®T . (MfN)®T 



(M® A W )®T 



tm,jv o (M (g> p w ) o a MiWiT 



One checks that (M f TV, ^ M ® N , P m d n ) is an 72.- T bimodule in AL 

For the 2-morphisms p : M — ► M' and q : N —> N' the <S-module product p f q is constructed also 
using the universality of the coequalizer: 



M is (S® JV) 



(PM ® JV) o aJ^ N 



M <s> A w 



M ® N 



TM',N> o(p®q) 



MfN 



pf q 



It is straightforward to check that f is functorial in both arguments and that the chosen coequalizer 
tm,n becomes a natural transformation from ® to f . 

The coherence natural isomorphisms a, 1 and r are constructed also using the universality of the 
coequalizer: 
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((M ®p x )®Q) o(aM,a,T®Q)°{UpM®N)»T)®Q) . . 



{((M®S)®N)®T)®Q , (M®N)®Q 

({M 8iV)8 Xq) o h m «n,t,q o ({{M ® Aw) ® T) ® Q) o ((air,jr,s ® T) ® Q) 



3 (M ® t«,q)) o a M ,«,Q 



(M f JV) f Q 



M | (AT • 



One checks that all r M , l^y and &m.n.q are i so ' s j they are natural and satisfy the coherence axioms. 
This finishes the construction of the bicategory BIM(.M). If the monoidal category Ad is additive then 
so is the bicategory BIM(.M). 

Proposition 4.1 Let (.M, (g3, £/, 1, r, a) be a monoidal category with coequalizers s.t. the monoidal prod- 
uct preserves the coequalizers. Then 

i) U = (U, \jj = rjj, U) is a monoid in Ad 

ii) For any object X of Ad the u^u — {X,lx, r x) is an U-IA bimodule in Ad. Any morphism of Ad is 
anlA-U bimodule map. The tensor product over hi in BIM(A^) coincides with the monoidal product of 
Ad. 

Hi) For a monoid Q — {Q, m, 77) in Ad the 

a ) qQq = {Q,rn,m) is a Q-Q bimodule in Ad 

b) uQq = (<9,1qj"J) is ati-Q bimodule in Ad 

c ) qQu = (Qi m , r Q) is a Q-IA bimodule in Ad 

d) The 1-morphism qQu is the left dual of uQq in the bicategory BIM(.M) 

iv) For a Frobenius algebra (Q, 8, e) in Ad the 1-morphism qQu is the two sided dual of uQq in the 
bicategory BIM(A^). 

The part iv) is a generalization of Yamagami's analogous result where the same claim is proven 
under the additional assumption of split separability of the Frobenius algebra (Q, 5, e). 

Proof: The only non-trivial part of the statement is d) of in) and iv). In order to prove d) of Hi) we 
construct the 2-morphisms 

BIM(M) 2 ( q Qu§uQq,qQq) ^ ev L := m 

BIM(M) 2 { u U u ,uQq% qQu) 3 coev L -^t^on (4.45) 

where t is the 2-morphism L q q q = I e Q e regarded as a 2-morphism in ~BJM.(Ad)(uQ q § qQu,uQu)- 
The ev£ = m is a Q-Q bimodule map by the associativity of m. 
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By the unit property of r\ the first two relations in 113.211 hold true. 
Similarly, iv) follows by the existence of 2-morphisms 

B1M(M) 2 (uQq I qQu.uUu) ^ ev R :=eot 

BIM(M) 2 ( q Qq, q Qu®uQq) 3 coev R := 5. (4.46) 

The coevfl = 6 is a Q-Q bimodule map by the Frobenius algebra property. By the counit property of e 
the last two relations in ll.'i.2ll hold true. ■ 
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